Abstract-We numerically investigate the interaction of nonlinear pulses in coupled transmission lines with regularly spaced Schottky varactors. The c mode and π mode are two different propagation modes that can be developed on a coupled line. Recently, we have found that both modes can support soliton-like pulses due to the presence of the Schottky varactors and proposed a method of doubling repetition rate of the incident pulse stream. Through numerical evaluations, we find that small c-mode pulses are generated by colliding two π-mode pulses traveling in the opposite directions. Utilizing this unique property, the repetition rate of incident pulse stream can be increased by the factor greater than 2.
INTRODUCTION
A transmission line periodically loaded with Schottky varactors is called a nonlinear transmission line (NLTL) [1] . The operation bandwidth of carefully designed Schottky varactors goes beyond 100 GHz; therefore, they are employed in ultrafast electronic circuits including the subpicosecond electrical shock generator [2] . Moreover, several NLTL-based methods to manage short electrical pulses [3, 4] have been reported.
Recently, we consider the weakly dispersive coupled NLTLs in order to develop baseband pulses governed by the Korteweg de-Vries equation and propose a method of doubling the repetition rate of pulse stream input to the line. It is well-known that the c and π modes are two different propagation modes on a linear coupled line [5] . By introducing Schottky varactors, a pulse traveling along a coupled NLTL preserves its original shape because of the balance between dispersion and nonlinearity, regardless of the propagation mode. When a pulse stream with a period of T is input to a coupled NLTL, each pulse is split to the c-and π-mode pulses. Generally, the c-mode pulse is faster than the π-mode pulse. Thus, the temporal separation between the c-and π-mode pulses becomes equal to T /2 by setting the length of a coupled NLTL properly. As a result, the repetition rate of a pulse stream can be doubled [6] .
In order to examine the properties of interacting nonlinear pulses in a coupled NLTL, we numerically solve the transmission equations and find that the collision of two π-mode nonlinear pulses leads to the development of a pair of c-mode pulses (one travels forward, and the other travels backward). By proper terminations of a coupled NLTL, an incident π-mode pulse stream is reflected at the far end. The reflected π-mode pulse stream collides with an incident one repeatedly. As a result, c-mode pulses are newly generated at the collision points. Designing the line to guarantee the in-phase superposition of newly generated pulses, the c-mode pulses gain amplitude. By detecting these c-mode pulses together with original π-mode ones, we succeed in increasing the repetition rate of incident pulse stream by the factor greater than 2.
We first discuss the fundamental aspects of interacting pulses in a coupled NLTL including the circuit configuration, time-domain calculations that describe the collisions of two c-mode pulses and those of two π-mode pulses. We then propose a method of increasing the repetition rate of incident pulse stream by the factor greater than 2 with several numerical demonstrations. 
INTERACTION OF NONLINEAR PULSES IN COUPLED NLTLS
where x is the voltage between the terminals. Moreover, C 0 , V J , and m are the zero-bias junction capacitance, junction potential, and grading coefficient, respectively. The c and π modes are two different propagation modes that can be developed on a linear coupled line [5] . Each mode has its own velocity and voltage fraction between the lines (= line 2 voltage/line 1 voltage). Generally, the short-wavelength waves travel slower than the long-wavelength waves due to dispersion; this results in distortions of the baseband pulses having short temporal durations. By introducing Schottky varactors, this distortion can be compensated for by nonlinearity, regardless of the propagation mode. It has been found that the voltage fractions of the c-and π-mode nonlinear pulses are coincident with those of the linear c and π modes, respectively [6] . In order to investigate the properties of interacting nonlinear pulses, we numerically solve the transmission equations using a standard finite-difference time-domain method for a coupled NLTL with Schottky varactors having that a pair of c-(π-) mode pulses develop when two π-(c-) mode pulses traveling in the opposite directions collide. Although a pair of π-mode pulses really develop after collision of c-mode pulses, their amplitudes are so small that we cannot identify them in Fig. 2(a) . On the other hand, as indicated by the arrows in Fig. 2(b) , small c-mode pulses develop after collision of two π-mode nonlinear pulses; these new cmode pulses travel faster than the original π-mode pulses. In a linear coupled line, the c-and π-mode waves are independent, i.e., the cmode wave never develops by the interaction of the π-mode waves and vice versa. The development of small c-mode pulses resulting from the collision of π-mode pulses is a unique property of a nonlinear coupled NLTL. Although L m was set to zero, the generation of c-mode pulses can be observed even with a finite mutual inductance.
INCREASING REPETITION RATE OF INCIDENT PULSE STREAM
To operate a coupled NLTL as the platform to increase the repetition rate of incident pulse stream, one end of each line is connected with the transmission lines having the π-mode characteristic impedances [Z π1,π2 in Fig. 3(a) ], while the other end of each line is connected with the ones having the c-mode characteristic impedances [Z c1,c2 in Fig. 3(a) ]. Each transmission line is terminated with the corresponding matched resistance. By this arrangement, the multiple reflections of the waves carried by both the c and the π modes are suppressed; therefore, the outputs are free from the distortions caused by the reflections [6] . We consider the case where a π-mode pulse stream with a period of T is input to V in and W in as shown in Fig. 3(a) . The pulse stream transmits through the interface X without any reflections [(1) in Fig. 3(b) ], because the characteristic impedances of lines 1 and 2 are set to Z π1 and Z π2 , respectively. On the other hand, it is greatly reflected at the interface Y because of the impedance mismatch. Generally, Z c1,c2 is much greater than Z π1,π2 . The reflected π-mode pulses have the same parity as the input ones [(2) in Fig. 3(b) ]. The π-mode pulses forming these two pulse streams collide in turn at several fixed points on a coupled NLTL, resulting in the development of small c-mode pulses starting to travel to both directions. The collision points are shown in (3) in Fig. 3(b) . The spatial period of the incident pulse stream is given by T multiplied by the π-mode pulse velocity, denoted as D in Fig. 3(b) . The π-mode pulses consisting of the incident and reflected streams collide at S 1 , S 2 , . . . at the same time, and then they collide at T 1 , T 2 , . . . after passing by T /2. When the velocity of the c-mode pulse is an integral multiple of the π-mode pulse, the original π-mode pulses and the newly developing c-mode pulses simultaneously arrive at the collision points. Thus, the c-mode pulse gains amplitude through the superposition of newly developing pulses. Moreover, when the c-mode pulse travels N times faster than the π-mode one, the repetition period of a pulse stream at V out and W out is reduced to be T /N by the c-mode pulses developed at the points S i (i = 1, 2, . . .). Moreover, the c-mode pulses developed at the points T i (i = 1, 2, . . .) doubles the repetition rate. As a result, the repetition rate increases 2N times. Through the in-phase superposition of c-mode pulses developed at distinct collision points, the c-mode pulses gain the amplitude at the output when the number of collision point increases. Note that the number of collision points increases when the period T decreases; therefore our method becomes more effective for higher incident repetition rate, as far as each pulse does not overlap with neighboring ones. When the amplitude of the developed c-mode pulse becomes large enough, the varactors nonlinearity influences the pulse, such that the velocity increases when the amplitude increases. Because of this velocity variation, the in-phase superposition of developed cmode pulses cannot be established for the present method of increasing pulses' repetition-rate; therefore, the instability caused by the turnaround pulse gain is naturally avoided. On the other hand, we must design a coupled NLTL to exhibit the maximal amplitude of developed c-mode pulse by optimizing the line length and number of collision points.
For numerical demonstration, we set
and L m to 0.7 V, 0.5, 0.1 pF, 0.2 pF, 50.0 pH, 10.0 pH, and 2.2 pH, respectively. We set V 0 and W 0 to −0.3 V and −5.0 V, respectively. Fig. 4 shows the results of a numerical demonstration of the method. The coupled NLTL is composed of 2752 cells; each of the four i/o ports is directly connected with a resistor having a characteristic impedance specified as in Fig. 3(a). Figs. 4(a), (b) , and (c) show the waveforms monitored at the output of line 2 for the repetition period T of 2.616, 1.308, and 0.654 ns, respectively. The pulses specified by the grey arrows show the π-mode pulses transmitted along the line, and the ones specified by the black arrows show the superposed c-mode ones. For the present line parameters, the repetition rate increases eight times, because the velocity of the c-mode pulse is four times faster than that of the π-mode pulse.
For the present cell size, the number of collision points is seven (S 1,...,4 and T 1,...,3 ) for T = 2.616 ns, seventeen (S 1,...,9 and T 1,...,8 ) for T = 1.308 ns and thirty three (S 1,...,17 and T 1,...,16 ) for T = 0.654 ns; therefore, the c-mode amplitude should become about twice larger for T = 1.308 ns and about four times larger for T = 0.654 ns than for T = 2.616 ns. Actually, we can clearly see the relation: Figs. 4(a), (b) and (c).
DISCUSSION
The mismatch in the amplitudes of the c-and π-mode pulses has to be eliminated for versatile use of the output pulse streams. We expect that traveling-wave field effect transistors (TW-FETs) succeed in equalizing the amplitude of c-and π-mode pulses. By amplifying pulses carried by a unique propagation mode, a TW-FET can achieve broadband amplification.
In the presence of the parasitic resistors of the inductors, both modes are attenuated during propagation and the amplitudes of reflected pulses have to be decreased. On the other hand, the larger the cell size becomes, the more the incident pulse collides with reflected pulses. As a result, there is an optimal cell size that guarantees the required amplitude of reflected pulses and the required number of collision points on the line. Furthermore, we observed that the output amplitude of newly developing c-mode pulse increases proportionally as the repetition rate of the input pulse stream increases. We thus have to design the repetition rate of the input pulse stream high enough to compensate for attenuation.
Although a proper method for application and extraction of a pulse stream has to be devised, a circular coupled NLTL, where one π-mode pulse stream travels clockwise and another stream travels anticlockwise, may give the best platform for increasing the repetition rate, because each π-mode pulse forming the clockwise stream repeatedly collides with the ones forming the anti-clockwise stream.
The employment of the circular ring configuration for pulse generation using NLTLs has also been investigated in [7] .
CONCLUSION
In a coupled NLTL, small c-mode pulses are generated by colliding two π-mode pulses traveling in the opposite directions. As an engineering application of this property, we propose a method to increase the repetition rate of incident pulse stream by the factor greater than 2. A numerical time-domain calculation demonstrates that the output repetition rate is eight times as much as the input one and the amplitude of c-mode pulse becomes larger for higher incident repetition rate. Generation of c-mode pulses can also be observed at the boundary of a coupled NLTL where a π-mode pulse is reflected. By these unique properties, coupled NLTLs have great potential for managing short electrical pulses. We believe that they may occupy a very important position in the field of high-speed electronics.
